QUOTIENTS OF QUOTIENTS OF QUOTIENTS

We are now going to examine not only some quotient groups, but also quotients of
quotients and quotients of quotients of quotients in order to get a feel for what they are
really like. Thus, let’s start with the group G=7,xZ, xZ,xZ,. Then |G|=16, and the

elements of G are,

~ 1(6,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1), (0,1,1,0), (0,1,0,1), (0,0,1,2), (0,1,1,2),
| @0,0,0), (1,1,0,0), (1,0,1,0), (1,0,0,0), (1,1,1,0), (1,1,0,1), (1,0,1,2), (1,1,1,1)

This group is abelian, and so all of its subgroups are normal. In particular, let’s consider
the following subgroups:

N, ={(0,0,0,0), (1,0,0,0)}
N, ={(0,0,0,0), (2,0,0,0), (0,1,0,0), (1,1,0,0)}
N, :{(0,0,0,0), ,0,0,0), (0,1,0,0), (1,1,0,0), (0,0,1,0), (1,0,1,0), (0,1,1,0), (1,11, O)}

Notice that N, =N, = N,. Also, |G/N,|=8, and the cosets in G/N, are,

(0,0,0,0)| [(0,1,0,0)| {(0,0,1,0)| |[(0,0,0,2)

(1,0,0,0)|" | (1,1,0,0)|" | (1,0,,0)|" | (4,0,0,) |

(0,2,1,0) (0,1,0,| {(0,0,5,1| ((0,112)

{OALQ}{@LQQ}{aﬂLD}{OALD}

Now we want to look at G/N, which by our isomorphism theorem is isomorphic to

(G/N;)/(N,/N,;). Thus, we’ll first write down the cosets for G/N, and then compare this
to the cosets in (G/N,)/(N,/N,). In particular, |G/N,| =4, and the cosets in G/N, are,

G/N1:

(0,0,0,0)] ((0,0,1,0)] ((0,0,0,1)] ((0,0,1,2)
1,0,0,00| |(1L0,20)| |(10,0,0)| |(10,12)
(0,1,0,0) " | (0,1,1,0) [ |(0,1,0,2) |" | (0,1,1,2)
1,1,0,0)| | (1LLL0)| |(@LLOY | |(@LLLI

G/N, =

Now we want to compare this to the cosets in (G/N,)/(N,/N,), so let’s first write down
N, /N, .



NN, z{{(0,0,0,0)}' {(0,1,0,0)}}
(1,0,0,0)[" | 1,1,0,0)
Since,
(0,0,0,0)] ((0,1,0,0)] ((0,0,1,0)] ((0,0,0,1)
GIN - 1,0,0,0)["1@10,0) " ](10,1,0)[" | (10,0 "
/N, = (0,1,1,0)) ((0,1,0,0)) ((0,0,,)) ((0,1,1,2)
{OALW}{@LQW}{aﬁLD}{OALD}

We have that,

(0,0,0,0) (0,0,1,0) (0,0,0,2) (0,0,1,1)
{@oppﬁ' {@QL@} {aaan} {@QLD}
0,1,0,0) "] ((0,1,0] | | [(0,1,0D) | | [(0,111)
(1,1,0,0) (1,1,0,0) (1,1,0,2) 11,1,1)

Notice now the structural similarity between (G/N,)/(N,/N,) and G/N, .

(G/Nl)/(Nz/N1)=

(0,0,0,0)| ((0,0,5,0)| {(0,0,0,1)| |(0,0,1,1)
(1,0,0,0) (1,0,1,0) 1,0,0,2 1,0,11)
(0,1,0,0)| ' |(0,4,,0)|" |(0,1,0,2) | |(0,1,1,2)
(1L,1,0,0) (L11,0) (11,03 (1111)

G/N, =

And now we’ll move on to G/N, which is isomorphic to both (G/N,)/(N,/N,) and
[(G/Ny)/(N,/Ny) /[(Ng/N;)/(N, /N, )] As before, we’ll start with the simplest quotient

group, G/N,, and we’ll methodically construct the other quotient groups so that we can
observe the similarities. Thus, |G/N,|=2, and the cosets in G/N, are,

(0,0,0,0)] ((0,0,0,2)
(1,0,0,0)| |(1,0,0,1)
(0,1,0,0)| {(0,1,0,1)
(1,1,0,0) | | (@10,
(0,0,1,0) | " | (0,0,1,2)
(1,0,1,0) | | (10,12
(0,1,,0) | |(0,1,1,2)
1110) | | @LLY

G/N3=




To construct (G/N,)/(N;/N,), we must first write down N, /N, .

Ns/Nz =

And since,

(0,0,0,0)
(1,0,0,0)
(0,1,0,0) [’
(1,1,0,0)

G/N, =

we have that,

(G/Nz)/(Na/Nz)z

(0,0,1,0)
(1,0,1,0)
(0,1,1,0) [
(1,1,1,0)

(0,0,0,0)
(1,0,0,0)
(0,1,0,0) |
(1L1,0,0)

(0,0,0,0)
(1,0,0,0)
(0,1,0,0)
(1,1,0,0)
(0,0,1,0)
(1,0,1,0)
(0,1,1,0)
(1,1,1,0)

(0,0,0,1)
(1,0,0,1)
0,1,0,1) [’
(1,1,0,2)

(0,0,1,0)
1,0,1,0)
(0,1,1,0)
(1,1,1,0)

(0,0,0,1)
(1,0,0,1)
(0,1,0,1)
(1,1,0,1)
(0,0,1,1)
(1,0,1,1)
(0,1,1,1)
(1,1,1,1)

Again, notice the structural similarity between this and G/N, .

(0,0,1,1)
(1,0,1,1)
(0,1,1,1)
1,111

And finally, we want to construct the cosets for [(G/N,)/(N,/N;)]/[(Na/N,)/(N,/Ny)].
We’ll start first with N, /N, , then N,/N, followed by (N;/N,)/(N,/N,).

(0,0,0,0)
(1,0,0,0)
(0,1,0,0)
G/N, - (1,1,0,0)
(1,0,1,0)
(0,1,1,0)
(1110)

(0,0,1,0) |’

(0,0,0,1)
(1,0,0,)
(0,1,0,2)
(1,1,0,2)
(0,0,1,1)
(1,0,1,1)
0,1,1,1)
1,111




NN, z{{(0,0,0,0)}' {(0,1,0,0)}}
4,0,0,0) (4,1,0,0)
N /N. = (0,0,0,0)| ((0,,0,0)| [(0,0,1,0)| {(0,1,1,0)
/Ny = 1,0,0,00/"|210,0)]" [ (10L0) | (@110)
{(0,0,0,0)} {(0,0,1,0)}
_ (2,0,0,0) (4,0,2,0)
(NS/Nl)/(NZ/Nl)_ (0,1,0,0) ! (0,1’1,0)
{(1,1,0,0)} {(1,1,1,0)}
We previously found the following cosets for (G/N,)/(N,/N,).
{(0,0,0,0)} {(0,0,1,0)} {(0,0,0,1)} {(0,0,1,1)}
B 1,0,0,0) (4,0,1,0) (2,0,0,1) (4,0,1,1)
(G/Ny)/(Nz/Ny) = 0,1,0,00) || (031,00 " | (10D | |[(0.11)
{(1,1,0,0)} {(1,1,0,0) (1,1,0,1) @111
Hence, we can now write down the cosets for [(G/N,)/(N,/N;)]/[(N3/N,)/(N,/Ny)].
(0,0,0,0) (0,0,0,2)
{(1,0,0,0)} (1,0,0,2)
{(0,1,0,0)} {(0,1,0,1)}
(1,2,0,0) (1,2,0,2)
(16N (N N TN N (N M= C o
{(1,0,1,0)} {(1,0,1,1)
(0,1,1,0) 0,112
{(1, 11 0)} 1111

Again, we want to notice the structural similarities between the three isomorphic groups.




(0,0,0,0)| [(0,0,0,1)
2,0,0,0) 2,0,0,1)
(0,1,0,0) (0,2,0,2)
G/N, = 1,1,0,0) | @1,0,1)
(0,0,1,0) (0,0,1,2)
(,0,1,0) ,0,1,1)
(0,1,1,0) (0,,1,1)
(4,1,1,0) @11y
(0,0,0,0) (0,0,0,1)
1,0,0,0) 4,0,0,2
(0,1,0,0) (0,1,0,7)
1,1,0,0) 1,1,0,2
(G/Nz)/(Ns/Nz) - (0,0,1,0) ' (0,0,1.1)
4,0,1,0) 4,0,1,2)
(0,1,1,0) 0,112
(4,1,1,0) @110
(0,0,0,0) (0,0,0,1)
{(1,0, 0, O)} {(1,0,0,1)}
{(0,1, 0, O)} {(0,1,0,1)}
(4,2,0,0) (4,1,0,2)
[ G/N (N2/N, }/[ 3/N 2/N1)]— (0.0,1,0) (0.0,11)
{(1, 0,1, 0)} {(1,0,1,1)}
(0,1,1,0) 0,1,1,2)
{(1, 1,1,0) } { @111 }

And finally, recall that each coset can be written as a representative element of that coset
times the identity in our group of cosets. If we do this for each of our major
constructions, then we arrive at the following. [NOTE: We will denote our operation as
generic multiplication even though we are actually doing addition modulo 2 with regard
to each coordinate.]



(0,0,0,0)] ((0,1,0,0)] ((0,0,1,0)] [(0,0,0,1)
. {(1,0,0,0)}’ {(1,1,0,0)}’ {(1,0,1,0)}’ {(1,0,0,1)}'
/Ny = (0,11,0)) ((0,1,0,0) ((0,0,12)) ((0,1,1,2)
11,10 [(1,1,0,00] | @10,1D) | | (111
{(0,0,0,0)}, 00,0 {(o,o, 0, 0)}’ 0,010 {(0,0,0,0)}, 0.0,0) {(0,0,0,0)},
(1,0,0,0) (1,0,0,0) (1,0,0,0) (1,0,0,0)
0110[8257) 01030229 021002, 111{02°)
(0,0,0,0)] ((0,0,1,0)] ((0,0,0,)] ((0,0,1,1)
o/n. )] @00.0)| [@o10)| 100D | [@oLy
/N = (0,1,0,0)["](0,12,0) [ ](0,1,0,2) ["](0,1,1,2)
110,00 |@110)| |@L0D | |@LLLY
(0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,0,0)
(1,0,0,0) 0,010 (1,0,0,0) 00,0 (1,0,0,0) 0010 (1,0,0,0)
(0,1,0,0) (0,1,0,0) (0,1,0,0) (0,1,0,0)
(1,1,0,0) (1,1,0,0) (1,1,0,0) (1,1,0,0)
{(0,0,0,0)} {(0,0,1 0) (o 0,0 1) (o 0,1 1)
(NN, /N = (1,0,0,0) (1,0,1,0) (1001) (1011)
VIR (0,4,0,00) ] (0,11, 0) (o 1,0 1) (o 1,1,1)
(1,1,0,0) (1100) (1101) (1111)
{(0,0,0,0)} 001 0){(o 0,0, 0)} 00,0 1){(o 0,0, 0)} 0,01 1){(o 0,0, 0)}
|[1@0,0,0 (1,0,0,0) (1,0,0,0) (1,0,0,0)
{(0,1,0,0)} 001 0){(o 1,0, 0)} 00,0 1){(0 1,0, 0)} 001 1){(o 1,0, 0)}
(1,1,0,0) (1,1,0,0) (1,1,0,0) (1,1,0,0)
(0,0,0,0) (0000) (0000) (0000)
J/1@o.0,0 0,0,0) 0,0,0) 0,0,0)
11 ((0,1,0,0) (o 1,0,0) (o 1,0,0) (o 1,0,0)
(1,1,0,0) (1,1,0,0) (1,1,0,0) (1,1,0,0)




Gﬁ%:

(G/Nz)/(Ns/Nz):

(0,0,0,0)
(1,0,0,0)
(0,1,0,0)
(1,1,0,0)
(0,0,1,0)
(1,0,1,0)
(0,1,1,0)
(1,1,1,0)

(0,0,0,0)
(1,0,0,0)
(0,1,0,0)
(1,1,0,0)
(0,0,1,0) |’
(1L,0,1,0)
(0,1,1,0)
1L11,0)

(0,0,0,0)
(1,0,0,0)
(0,1,0,0)
(1,1,0,0)
(0,0,1,0)
(1,0,1,0)
(0,1,1,0)
(1,1,1,0)

(0,0,0,3)
(,0,0,1)
(0,1,0,1)
1,1,0,2
(0,0,11)
(1,0,11)
0,1,11)
1111

(0,0,0,1)
(1,0,0,)
(0,1,0,1)
(1,1,0,1)
(0,0,1,1)
(1,0,1,)
0,1,1,1)
1,112

(0,0,0,0)
(1,0,0,0)
(0,1,0,0)
(1,1,0,0)
(0,0,1,0)
(1,0,1,0)
(0,1,1,0)
(1,1,1,0)

,(0,0,0,2)

(0,0,0,0)
(1,0,0,0)
(0,1,0,0)
(1,1,0,0)
(0,0,1,0)
(1,0,1,0)
(0,1,1,0)
(1,1,1,0)

,(0,0,0,1)

(0,0,0,0)
(4,0,0,0)
(0,1,0,0)
(1,1,0,0)
(0,0,1,0)
(1,0,1,0)
(0,1,1,0)
(1110)

(0,0,0,0)
(1,0,0,0)
(0,1,0,0)
(1,1,0,0)
(0,0,1,0)
(1,0,1,0)
(0,1,1,0)
(1,1,1,0)

(0,0,0,2)

(0,0,0,2)

(0,0,0,0)
(1,0,0,0)
(0,1,0,0)
(1,1,0,0)
(0,0,1,0)
(1,0,1,0)
(0,1,1,0)
(1,1,1,0)




(0,0,0,0) moon
(1,0,0,0) aoon
¥010m} {mlon}
(1,1,0,0) (1,1,0,1)
G/N,)/(N,/N N,/N,)/(N,/N,)]= ,
L6/ (N N LN ) e =4 "
(1,0,1,0) (1,0,12)
(0,1,1,0) (0,1,1,2)
(1,1,1,0) 1,1,1,1)
(oqom @DDD m000) (ooom} {@00&?
aaom aoom (1,0,0,0) (1,0,0,0)
%oLom} (0003{“100? {@100? {mloo?
) (1,1,0,0) (1,1,0,0) ) (1,1,0,0) (1,1,0,0)
¥0Q1m} (000D¥001®} ¥001m} ¥001m}
(1,0,1,0) (1,0,1,0) (1,0,1,0) 0,1,0)
{lem} (Ooog{wllm} {@11@} {wllm}
(1,1,1,0) (1,1,1,0) (1,1,1,0) (1,1,1,0)
(0,0,0,0) (0,0,0,0)
(1,0,0,0) (1,0,0,0)
yoLom} {@LOQ?
_ (1,1,0,0) (0,00 (1,1,0,0)
(0,0,1,0) (0,0,1,0)
{aorol {eomo)
(0,1,1,0) (0,1,1,0)
(1,1,1,0) (1,1,1,0)

Among other things, this hopefully illustrates that as we continue to take quotients of
quotients, every coset in the resulting quotient group can still be written as an element of
G times the identity in that particular quotient of quotients.



