SURFACE AREA




Suppose we want to find the area of the surface below.
This can be done using double integrals!

z=(x-2"+(y—-2)*+3
0<x<4
0<y<4



First, imagine the smooth surface being approximated
by a series of parallelograms.

z=(x-2)*+(y-2)?*+3
0<x<4
0<y<4



Each parallelogram on the surface is defined by a pair
of vectors, u and v.

z=(x-2)*+(y-2)?*+3
0<x<4
0<y<4



And directly below each parallelogram on the surface
IS a rectangle in the xy-plane.

z=(x-2)*+(y-2)?*+3
0<x<4
0<y<4



If we designate, on our rectangle in the xy-plane, the
corner point of with the smallest coordinates as (x,y), then

the two adjacent corner points will have coordinates
(x+AX,y) and (x,y+Ay).

z=(x-2)*+(y-2)?*+3
0<x<4
0<y<4



| claim we can define our vectors u and v as,

ﬁf(X,y)AXk‘ _ ~ ':+5f(X,y)Ayk‘
OX oy
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z=(x-2)*+(y-2)?*+3
0<x<4
0<y<4



Think about why this works!

UzAxf+O]+
OX

z=(x-2)*+(y-2)?*+3
0<x<4
0<y<4

8f(x,y)AXl2 o 2




We can now find the area of a parallelogram using one
of the formulas we developed earlier.
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Therefore,
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If we let S denote the surface we are integrating over,
and if we denote an element of area on the surface by

AS, then what we’ve also shown above is that,
2 2
AS ~ (ij + ﬂ +1-AA
OX oy
And,

Surface Area = [ ds - H[J@—fj (2] +1]dA




In differential form, we write this as,

2 2
dS=\/(afj +(@] +1dA
OX oy



Unfortunately, for many surface integrals we wind up

with something very difficult to integrate by hand. Here
Is what we get for our example problem.

Z, =2(X—2)=2x-4
z,=2(y-2)=2y-4
2, =4x* —16x+16
2, =4y* —16y +16

z=(x-2)"+(y—-2)*+3
0<x<4
0<y<4

Surface Area = HR \/4x2 +4y° —16x—16Yy +33dA



However, if our surface is a plane, then it's easy to do.

Z=2X+3Yy
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We can verify this result by finding the vectors

u and v and calculating directly the area of a parallelogram.
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