Proof of the Second Partials Test




The Second Partials Test

Suppose (a,b)Is a point such that f, (a,b) =0= 1, (a,b), and let

f (@b) f,(ab)
f,@b) f,(ab)

2

D=D(a,h) = f,(ab)f,, (ab)-[ ,(@b)] =

1. fD>0andf,(a,b)>0, thenf(a,b) is alocal minimum.
2. IfD>0andf, (a,b) <0, thenf(a,b) is a local maximum.
3. If D <0, then (a,b,f (a,b)) is a saddle point.

4. If D =0, then we know nothing.
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PROOF:
Let D(a,b) = f,,(ab)- f, (ab)-| f,(a b)]2 .

We will abbreviate thisas D = f, f, — f°.

Now let G =hi +k j be a unit vector.

Then D,.f = Vf«l = f,h+ f k.

Also, D, f =D; (D, f)=V(D,f )i

= (fah+ £, k)T +(fgh+ £ k) ] M hi+k]]
= foh? + £k + £ hk+ f, k?

= f h?+2f hk+ f, k2.



We can rewrite this by completing the square.

2 2 2
D2, f = f,h?+2f hk+ f k
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If D=f,f,—f,?>0and f, >0, then D? f >0 for all unit vectors d.

Consequently, any plane that passes through z = f (x,y) and contains
the point (a,b, f (a,b)) and is perpendicular to the xy — plane will result
In a curve of intersection with z = f (X, y) that is concave up.

Therefore, (a,b, f(a,b)) Isa minimum point.

If D*, f <0 for all unit vectors T, the argument is similar
that (a,b, f (a,b)) Is a maximum point.



Now suppose that D = f, f — f, * <0,

XX 'yy X

and recall D°; f = f h*+2f hk+ f, k°.

Suppose f,, #0,and note f,,D,” = f,,(f,h*+2f hk+ f k*)

XX—Uu

= £, 207 421 f hk+ f f, K2

XX Yy

212 21,2 2 21,2
= £, 207+ 26, f hk+ £, 2k2 + £, f k2 - f, %

XX | Xy

= (fh+ fxyk)2 +(f = T2 K

XX ' yy

Hence, f. D> >0whenh=0& k =0,

P OXX U

and f,,D,2 <0 when f h+ f, k=0 &k =0
Therefore, (a,b, f (a,b)) is a saddle point.

Also, if f,, # 0, then a similar argument may be used to arrive at the

same conclusion that (a,b, f (a,b)) is a saddle point.



By the way, how do we know that if k = 0, then
there even exists an h such that f,,h+ f, k =07?



By the way, how do we know that if k = 0, then
there even exists an h such that f,,h+ f, k =07?

Because if k =0 and f,, # 0 (by hypothesis),

—f
then we can write f h+ f, k =0 as E: Y

XX



By the way, how do we know that if k = 0, then
there even exists an h such that f,,h+ f, k =07?

Because if k =0 and f,, # 0 (by hypothesis),

—f
then we can write f_h+ f, k=0 as E: Y

XX

But G = hi +kj is a unit vector which means that
h=cos# and k =sin & for some angle & such that 0< 6 < 2.



By the way, how do we know that if k = 0, then
there even exists an h such that f,,h+ f, k =07?

Because if k = 0 and f,, # 0 (by hypothesis),

f
then we can write f h+ f, k=0 as E: Y

XX

But G = hi +kj is a unit vector which means that
h=cosé and k =sin & for some angle & such that 0< @ < 2.
Ty h cosd

=——=———=Cotéd.
k sing

Therefore, we need a & such that

XX



By the way, how do we know that if k = 0, then
there even exists an h such that f,,h+ f, k =07?

Because if k =0 and f,, # 0 (by hypothesis),
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But G = hi +kj is a unit vector which means that
h=cosé and k =sin & for some angle & suchthat 0< 6 < 2.
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Therefore, we need a @ such that
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Since the range of the cot @ is all real numbers, such a @ exists.



Now suppose again that D = f,, f,, — fXy <0,
and recall D, f = f h*+2f hk+ f, k.

— 2 2 2
Iff,=0=f,_,then D’ f = f h?+2f hk+f k
reduces to D?; f =2f hk and D=-f, * <0.

Hence, f,, =0, and D, f will have different signs for the unit vectors

1~ 1
i,=——1+——] and G, =

1~ 1 -
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Therefore, (a,b, f (a,b)) is a saddle point.



Now consider z, =x* +y* and z, =x* —y".
For each of these functions (0,0) is a critical point.
However, It's easy to show that for each of these functions, D(0,0)=0.

And from the pictures below, we see that one has a minimum point
while the other has a saddle point.









Therefore, D=0 means nothing.
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