The Gradient and Level Curves




Definition: A parametrized curve r(t) is called smooth
If r’(t) is continuous and r’(t) is never the zero vector
(except possibly at the endpoints).




Theorem: Let z=f(x,y) be differentiable at (a,b) and let
f(a,b)=c. Also, let C be the level curve f(x,y)=c

that passes through (a,b). If Cis smooth with smooth
paramtrization r(t) and if grad f(a,b) is not equal to O,
then grad f(a,b) is normal to C at (a,b).

In other words, grad fis perpendicular to r’(t) at (a,b).

NOTE: Another notation for the gradient of f is Vf.
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Theorem: Let z=f(x,y) be differentiable at (a,b) and let
f(a,b)=c. Also, let C be the level curve f(x,y)=c

that passes through (a,b). If Cis smooth and

grad f(a,b) is not equal to O, then grad f(a,b) Is

normal to C at (a,b).

Proof:

Let F(t) = x(t)i + y(t) j with t e I beasmooth parametrization for C.

Then f(x,y)= f(x(t),y(t))=c fortel.

de _d f(x(t)y(®) _of dx_of dy . dr

Hence, 0 = = —
dt dt ox dt oy dt dt

Therefore, Vf isnormaltoC at (a,b).
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A similar proof can be constructed to show that if w= f(x,y, 2),

then the gradient vector Vw = Ao O j+ N R evaluated at
ox oy 0z

(a,b,c) iIs normal to the level surface w= f (a,b,c).
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EXAMPLE: Letz= f(X,y)=x"+y* and P =(11,2).

Then we can think of this function as the level surface

w=0 forw=x"+y* -z

Furthermore,
VW = 2Xi + 2Vj — K, and
vw(L12)=2i +2] -k

Also, If this gradient vector is normal to the level surface

0=x*+y* -z, at the point P = (1,1, 2), then we should be
able to use this information to find the tangent plane
at this point.



z=f(Xy)=x+Yy°
P=(112)
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z=f(xy)=x"+y’
P=(112)

0=x"+Yy* -2

W=X"+Yy* -2

Vw = 2xi +2y] —K Q=(xY,2)
Wil =2i+2]-k  PQ=(x-Di+(y-1)j+(z-2k

vw(l,1,2)-PQ =0
2(x-1)+2(y-1)-1(z-2)=0
—2X+2y-72-2=0

—> 7=2X+2y -2



z=f(xy)=x"+y’
P=(112)

+ 20

0=x"+Yy* -2

W=X"+Yy* -2

Vw = 2xf+2y]—l2
vw(L,1,2)=2i +2] -k
2(x-1)+2(y-1)-1(z-2)=0

—2X+2y-2-2=0
—>Z=2X+2y-2



Notice that

2(x-1)+2(y-1)-1(z-2)=0
a”a b)( )+ T@D by f(ab))=0

L af(a b)( _a, 2H@D)

(y—Db)+ f(a,b)

IS the same result we found previously for the
equation of a tangent plane.



