Change of Variables
IN
Multiple Integrals




When we convert a double integral from rectangular
to polar coordinates, recall the changes that must
be made to x, y and dA.

X=X(r,8)=rcosd
y=y(r,d)=rsind
dA=rdrdé y




In the polar coordinate system, an element of area
IS generally a rectangle corresponding to a range of
values for r and a range for 6.




However, in the xy coordinate system, this rectangle
usually takes on a different shape, and the formula
for an element of area changes.

AA=T1-Ar-A6
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This leads to the following formula for the double
Integral in polar coordinates.

”R f(x, y)dA:HT f(rcosé,rsin@)rdrdd
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We’ll now develop a general method for finding
change of variable formulas such as this one.

”R f(x, y)dA:HT f(rcosé,rsin@)rdrdd
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Suppose we have a rectangle in an st-coordinate
system and a pair of functions that converts (s,{)
coordinates into (x,y) coordinates.

X = X(S,1)
t Yy = y(S’t) y




Suppose also that these functions are differentiable
and that the transformation from the st-coordinates
to xy-coordinates Is one-to-one.

X = X(S,1)
t Yy = y(S’t) y




Then because of differentiability, local linearity
will be present and a small rectangle in the
st system will be mapped onto approximately a
parallelogram in the xy-coordinate system.

X = X(S,1)
r Y=y




If we add some coordinates, then it looks like this.

X = X(S,1)
t y=y(st) (x(s,t+At), y(s.t+At))
(s,t+At) T
(s,t) (s+As,t)
» S » X

(X(s+As,t),y(s+As,t))



An element of area in our xy-coordinate system is
represented by a parallelogram.

X = X(S,1)
y=Yy(s,t)

y

(x(s,t+At), y(s,t+At))

(x(s.).y(s0)
7

(X(s+As,t),y(s+As,t))



The area of this parallelogram is given by the norm
of a cross product.

Areazuéx b

Y (x(st+At),y(s,t+At))

(X(s+As,t),y(s+As,t))
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Notice that, a=(x(s+as,t)—x(s,t))i+(y(s+Ast)-y(s,t))]
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And,
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The expression inside the last absolute value sign
Is called the Jacobian, and it is usually written as
follows:

OX  OX
d(X,y) |o6s ot| Oxoy 0y OX
o(s,t) |oy oy| oséat  os ot
os ot

Yy o (x(s,t+At),y(s,t+At))




Therefore,
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Area= AA

ASAL = : ) ASAt

Yy o (x(s,t+At),y(s,t+At))




And as a result of local linearity, this approximation
Improves as the changes in s and t become smaller.

ASAL = o(x.y) ASAt

(s,t)
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Area= AA

Yy o (x(s,t+At),y(s,t+At))




And finally,

[] fooy)yda=lim 3" f(xy) AA

o 19(xy)
B ASI,IAI:[TL()Z f (X(S’t)’ y(S,t)) 8(S,t) ASAL
o(X,y
?{ (X(S’t+At)’y(S’t+At)) - IJT f (X(Slt)! y(S,t)) ) 6((5,1:)) det




Now let’s verify that this formula works for polar
coordinates.

”R f(x,y)dA=lim " f(x,y)AA

AA—O

= lim Y f(x,y)- o(xy) asat= [ £(x,y): )| g

A, At—0 o(s,t)

Yy o (x(s,t+At),y(s,t+At))




_HR F(x,y) dA=”T f(x(s,t), y(s,1))-

X =1rcosd
y=rsiné X Ox
o(x,y) _|or 06
or,0) |oy oy
or 06

cosd -rsiné
sin@d rcoséd

=rcos’ @ +rsin?0 = r(C0329+sin29): r
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Therefore,

HR F(x, Y)dA=”T f (rcos@,rsing)- - drdg

:”T f(rcosé@,rsin@)-rdrdé



Let’s try one more example! Consider the equation
below for an ellipse.




The following substitution will change it into an
equation for a unit circle.

X=a-$s
y=Db-t

—1=>s5°+t? =1

y (a-s)®  (b-t)’
22 p2 =1= A2 T3



Now find the absolute value of the Jacobian.

X=a-$
y=Db-t
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os ot
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o(s,t)




We can now easily find the area of the ellipse.

Areaof ellipse= j dA= ([ ab dsdt

ellipse JJunitcircle

=ab(" iy Idsdt):ab-ﬂzﬂab



If we have a function of three variables, then our
Jacobian looks like this.

OX OX OX
os ot ou
o(x.y.2) |y &y oy
o(s,t,u) |os ot ou
0Z 07 0z
os ot ou




Find the volume of the ellipsoid.




The coordinate change below transforms the
ellipsoid into a unit sphere.

X2 y2 Z2
— . + +—=1
X=a-$S 22 P 2
y=Db-t
Z=C-U
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2 2
y© z
+b2+C2=1

X2
a‘2

Volume= I j IR dV = j j L E;(();’,z/”uz)) dsdtdu

_ j j jT abc dsdtdu = abc j j jT dsdtdu

= abc-4—ﬂ =£7zabc
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Any Questions?




