Exact Differential Equations

P(X, y) + QX y)%ﬂ)



If there is a function z=f(x,y) with continuous partial
derivatives such that z,=P and z,=Q, then the
differential equation is exact with general solution

f(x,y)=C.

P(x,Y)+ QU1 ) dy ~0

Exact If @:P & izQ.
OX oy



If P and Q have continuous partial derivatives on an
open disk R, then the equation below is exact if and
only if P,=Q,.

P(x,Y)+ QU1 ) dy ~0

0P oQ

Exact If .
OX



If z=f(x,y) and y=y(x), then we can derive the left-
hand side of the equation below from a chain rule.

df of af dy
— = =P(X,y)+ Q(X,
ot oy dx (X, y) +Q( y)




Another way to think about it is to rewrite our
equation in differential form. This makes the left-
hand side look like part of a line integral for

computing work done, and if P,=Q,, then a potential
function z=f(x,y) exists.

P(x,Y)+ Q1Y) - =0
X
= P(X,y)dx+Q(x,y)dy =0

Recall if F = Pi +Q ], then jc F.dr =jC(P dx + Qdy).



The procedure for finding z=f(x,y) for an exact
equation is the same as that for finding a potential
function for a work integral.

P(x,Y)+Q(x,Y) dy ~0

= P(X,y)dx+Q(x,y)dy =0

0P oQ
oy  OX




Example:

2X°y% + x4yﬂ =0
dx



Example:

2X°y° + x4yﬂ =0
dx

0(2x°y?) _

4x%y = Exact

o(x*y)
0






Example:

2X°y° + x4yﬂ =0
dx
3,2 4
A2XTYT) _ gy = OXY)
oy OX

Exact

4.,2

z:_“ZX?’y2 dx=X2y +g(y)

0z 4 r 4
—=Xy+g'(y)=x"y
oy



0z 4 , 4
—=Xy+g'(y)=x"y
oy

9'(y)=0=49(y)=C,



0z 4 , 4
—=Xy+g'(y)=x"y
oy

9'(y)=0=g(y)=C,

z=1(Xy)=

4

X'y
2
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+C,



0z 4 : 4
—=Xy+g'(y)=x"y
oy

9'(y)=0=g(y)=C,

4.,2

7= f(x,y):Xzy +C,;

Thus, the general solution of:

2x3y2+x4yﬂ:0
dx
IS
4.,2
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Example:

siny—(y—xcosy)%:o



Example:

siny—(y—xcosy)%:o

o(siny) _ 0(-[y—xcosy])

=COSY =

oy OX

Exact



Example:

siny—(y—xcosy)%=0

o(sin y) _ Oy —xcosy]) o

=COSY =

oy OX

Z :Isin ydx =xsiny+g(y)



Example:

siny—(y—xcosy)%:o

o(siny) _ 0(-[y—xcosy])

=COSY =

oy OX

Z :_"sin ydx =xsiny +g(y)

0z ,
8—:xcosy+g (y)=-y+Xxcosy

Exact



Example:

siny—(y—xcosy)%:o
X

o(siny) _ 0(-[y—xcosy])

=COSY =

oy OX

Z :jsin ydx =xsiny +g(y)

0z ,
— =XCoSYy+Qg'(y)=—Yy+ Xcosy

2

0'(y) = -y = 9(y) =~

Exact



Example:

2

siny—(y—xcosy)ﬂ:o Z=f(x,y)=xcosy—y7
dx
OEINY) _ oe - O(-Ly—xcosyD) .
oy OX

Z :jsin ydx =xsiny +g(y)

0z ,
—=XCoSYy+Qg'(y)=—y+Xcosy

2

0'(y) =y = g(y) = -



Example:

2

siny—(y—xcosy)ﬂ:o Z=f(x,y):xsiny—y7
dx
OEINY) _ oe - O(-Ly—xcosyD) .
oy OX

Thus, the general solution of:

z:_"sinydx:xsiny+g(y) siny—(y—XCOSY)%ZO

IS
% xcosy+ '(y) =—Y + Xcos ’
- yrEYI==y y xsiny—y7:C

2

0'(y) =y = g(y) = -



As a final note, all separable differential equatations
are exact.

P(¥)+Q(y) dy -0

P_,_ W
oy OX



